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Abstract 

The modification of the Electroweak Model with 3-dimensional 
spherical geometry in the matter fields space is suggested. The La- 
grangian of this model is given by the sum of the free (without any 
potential term) matter fields Lagrangian and the standard gauge fields 
Lagrangian. The vector boson masses are generated by transformation 
of this Lagrangian from Cartesian coordinates to a coordinates on the 
sphere S3. The limiting case of the bosonic part of the modified model, 
which corresponds to the contracted gauge group SU(2;j) x U(l) is 
discussed. Within framework of the limit model Z-boson and electro- 
magnetic fields can be regarded as an external ones with respect to 
W-bosons fields in the sence that W-boson fields do not effect on these 
external fields. The masses of all particles of the Electroweak Model 
remain the same, but field interactions in contracted model are more 
simple as compared with the standard Electroweak Model. 

PACS number: 12.15-y 

1 Introduction 

The standard Electroweak Model based on gauge group 52/(2) x 27" (1) gives 
a good description of electroweak processes. The massive vector bosons 
predicted by the model was experimentally observed and have the masses 
mw = %QGeV for charged W-boson and rriz = 91GeV for neutral Z-boson. 
At the same time the existence of the scalar field (Higgs boson) has not been 
experimentally verified up to now. One expect that the future experiments 
on LHC will given definite answer. The scalar field arise in the Standard 
Electroweak Model as a result of spontaneous symmetry breaking by Higgs 
mechanism [1], which include three steps: 1) the potential of the self-acting 
scalar field of the special form V((f>) = fi 2 4>4> + A(00) 2 is introduced by hand 



in the Lagrangian; 2) its minimal values are considered for imaginary mass 
/i 2 < and are interpreted as degenerate vacuum; 3) one of the gauge equiv- 
alent vacuum is fixed and then all fields are regarded in the neighbourhood 
of this vacuum. 

Sufficiently artificial Higgs mechanism with its imaginary bare mass is a 
naive relativistic analog of the phenomenological description of superconduc- 
tivity [2] . Therefore there are a serious doubt whether electroweak symmetry 
is broken by such a Higgs mechanism, or by something else. The emergence 
of large number Higgsless models [3] [E] was stimulated by difficulties with 
Higgs boson. These models are mainly based on extra dimensions of dif- 
ferent types or larger gauge groups. A finite electroweak model without a 
Higgs particle which is used a regularized quantum field theory 0,110] was 
developed in [8]. 

The simple mechanism for generation of the vector boson masses in Elec- 
troweak Model was suggested in [TTJ [13] . It is based on the fact that the 
quadratic form = p 2 in the matter field space $2 is invariant with re- 
spect to gauge transformations. This quadratic form define the 3-dimensional 
sphere S3 of the radius p > in the space $ 2 which is C 2 or R 4 if real compo- 
nents are counted. The vector boson masses are generated by transformation 
of the free (without any potential term like V ((/))) Lagrangian from Cartesian 
coordinates to a coordinates on the sphere S3. This transformation corre- 
sponds to transition from linear to nonlinear representation of the gauge 
group in the space of functions on S 3 . Higgs boson field does not appeared if 
the sphere radius does not depend on the space-time coordinates p = const. 
For p 7^ const the real positive massless scalar field is presented in the model 
|14].|15]. Such modified Electroweak Model keep all experimentally verified 
fields of the standard Electroweak Model and does not include massive scalar 
Higgs boson, which is sequent of spontaneous symmetry breaking. The con- 
cept of generation masses for vector bosons in Electroweak Model by trans- 
formation to radial coordinate is developed in [16] , [17] , as well as in context 
of nonlinearly realized gauge groups in [18] or in context of nonlinear sigma 
models in |19j . 

One of the important ingredient of the Standard Model is the simple 
group SU(2). More then fifty years in physics it is well known the notion of 
group contraction [20] , i.e. limit operation, which transforms, for example, a 
simple or semisimple group to a non-semisimple one. From general point of 
view for better understanding of a physical system it is useful to investigate 
its properties for limiting values of their physical parameters. In partucular, 
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for a gauge model one of the similar limiting case corresponds to a model 
with contracted gauge group. The gauge theories for non-semisimple groups 
which Lie algebras admit invariant non-degenerate metrics was considered in 

mm- 

In the present paper we construct the analog of the bosonic part of the 
modified Electroweak Model as the gauge theory with the contracted non- 
semisimple group SU(2;j) x 17(1). In Sec. 2, we recall the definition and 
properties of the contracted group SU (2; j). In Sec. 3, we step by step modify 
the main points of the Electroweak Model for the gauge group SU (2; j) xU(l) 
and introduce the radial coordinates R + x S3 in R4 in the most convenient way 
[T5] . The use of the representation with the symmetric arranged contraction 
parameter [23] enables us to find transformation properties of gauge fields. 
After that the Lagrangian of the contracted model can be very easy obtained 
from the noncontracted one by the substitution ([8]) or ff28|) . The limiting case 
of the modified Higgsless Electroweak Model is regarded in Sec. 4. When 
contraction parameter tends to zero j — > or takes nilpotent value j — 1 the 
field space is fibered [21] in such a way that electromagnetic and Z-boson 
fields are in the base whereas charged W-bosons fields are in the fiber. The 
base fields can be interpreted as an external ones with respect to the fiber 
fields. In addition field interactions are simplified under contraction. Sec. 5 
is devoted to the conclusions. 

2 Special unitary group SU(2]j) and its con- 
traction 

The contracted special unitary group SU(2;j) is defined as a transformation 
group 

'M£)-(V/)U)- n «tt»- 

det Q(j) = \a\ 2 + f\(3\ 2 = 1, = 1 (1) 

of the complex fibered vector space $2(i) which keep invariant the hermitian 
form 

0^>O') = l0l| 2 +J 2 |02| 2 , (2) 

where 4>\j) = (<fii, jfo), bar denotes complex conjugation, parameter j — 1, 1 
and 1 is nilpotent unit 1? = 0. For nilpotent unit the following heuristic rules 



3 



be fulfiled: 1) division of a real or complex numbers by i is not defined, i.e. 
for a real or complex a the expression - is defined only for a = 0, 2) however 
identical nilpotent units can be cancelled - = 1. 

Contracted group and fibered space are obtained for nilpotent value of 
the parameter j = t, whereas unitary group SU(2) and usual complex vector 
space correspond to j — 1. The space $2(0 is fibered with one dimensional 
base {0i } and one dimensional fiber {02} [23J , [24J . It has two hermitian 
forms: first in the base 0i0i = |0i| 2 and second in the fiber 0202 = |02| 2 - 
Both forms can be unified in one formula (T2]). 

The generators of the corresponding Lie algebra su(2;j) 

= _°i)=^3, (3) 

with Tk being Pauli matrices, are subject of commutation relations 

Pi(j).r»(i)] = -ri(7)- ( 4 ) 

The general element of su(2;j) is given by 

There are two more or less equivalent way of group contraction. We can 
put the contraction parameter equal to the nilpotent unit j = l or tend it 
to zero j — > 0. Sometimes it is convenient to use the first (mathematical) 
approach, sometimes the second (physical) one. For example, the matrix 
© h &s non-zero nilpotent non-diagonal elements for j = l, whereas for 
j — > they are formally equal to zero. Nevertheless both approaches lead to 
the same final results. 

For j — l it follows from that detfi(t) = \a\ 2 = 1, i.e. a = e lip , 
therefore 

n(0 = (^5 f iv )eSU(2; L ), /3 = /3 1 + z/3 2 GC. (6) 
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The simple group SU(2) is contracted to the non-semisimple one SU(2; t), 
which is isomorphic to the real Euclid group E(2). First two generators of 
the Lie algebra su(2; l) are commute and the rest commutators are given by 

(SD- 

The unitary group U(l) and the electromagnetic subgroup U(l) em are 
essential ingredients of the Electroweak Model Their actions in the fibered 
space $2(0 are given by the same matrices as in the complex space $2, 
namely 

m = ^=i f J f j , tw(7) = ^ Q = ( e o I ) > ( 7 ) 

where Y = |l, Q = Y + T 3 . 

Representations of groups SU(2; t), U(l), U(l) em are linear ones, that is 
they are realised by linear operators in the fibered space $2(0- 

3 Electroweak Model for 5*17(2; j) x U(l) gauge 
group 

The fibered space $2(7) can be obtained from $ 2 by substitution 2 — >■ j</>2, 
which induces another ones for Lie algebra su{2) generators T\ — > jT\, T 2 — > 
jT 2 , T 3 — > T 3 . As far as the gauge fields take their values in Lie algebra, we 
can substitute gauge fields instead of transformation of generators, namely 

Al^jAl Al^jAl Al^A% B^Bp. (8) 

These substitutions in the Electroweak Model based on SU{2) x U(l) gauge 
group result in the limiting case of Electroweak Model based on contracted 
gauge group SU(2; t) x £7(1), when contraction parameter take the nilpotent 
value j = 1. 

The bosonic Lagrangian of the contracted Electroweak Model is given by 
the sum 

L(j) = L A (j) + L (t> (j), (9) 

where 

LaU) = ^(F,u(j)) 2 + ^rMB^f = 

= W + j\F%f + [F^f] - l -(B, v f (10) 
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is the gauge fields Lagrangian for SU(2;j) x U(l) group and 

L*U) = \{D^{3))^D^{j) (11) 

is the free (without any potential term) matter field Lagrangian (summation 
on the repeating Greek indexes is always understood). Here _D M are the 
covariant derivatives 

D^{j) = dM) + 9 (E T k {j)K^ 0(j) + g'YB^j), (12) 

where Tk(j) are given by ([3]) and Y — |1 is generator of U(l). Their actions 
on components of <p(j) are given by 

D^ 2 = 5> - l -(gAl - g'B^fc + |(4 + (13) 
The gauge fields 



if 4 Ml~iA% 
2{j(Al + iAD -Al 



A,(x;j) = gY,TkU)A%x) = g- f ^ + ^ a; 



B,(x) = g'YB,(x)=g' 1 -^ (14) 

take their values in Lie algebras su(2;j), u(l) respectively, and the stress 
tensors are 

Fiwfaj) =J r l +u(x;j) + [A^(x;j),A u (x;j)] = 

9 2[j(Fl + iFZ) -Fl 

B^ = d, t B v - d v B^ (15) 

or in components 

= -Fjtv + gi-A^Al — A 3 ^Al), F^ u = + g^A^Al — A^Al), 

Fl = T% + fg{A\Al - A\A\\ (16) 
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where J*, = d^A k u - d v A*. 

For Ct(j) G SU(2;j), e tuJ G U(l) the gauge transformations of the fields 
are as follows 

Q (j) = fi(j)0(j), TO = e*>0"). 

aJ(x; j) = noM / ,(a:;i)n- 1 (i) - W) • n(i) -1 . ^(*; i) = Afe'), 

^ = J B M , ^ = ^-25^ (17) 

and the Lagrangian L(J) (jUJ) is invariant under 577(2; j) x Z7(l) gauge group. 

The Lagrangian L(j) describe massless fields. In a standard approach 
to generate mass terms for the vector bosons the "'sombrero'" potential is 
added to the matter field Lagrangian L$(J = 1) (TlTI) and after that the 
Higgs mechanism is used. The different way was recently suggested [TT]- 
[T3] and is based on the fact that the quadratic form (jycj) = p 2 is invariant 
with respect to gauge transformations. This quadratic form define the 3- 
dimensional sphere S3 of the radius p > in the target space $ 2 which is C 2 
or R4 if real components are counted. In other words the radial coordinates 
R + x S3 are introduced in R4. The vector boson masses are easy generated 
by the transformation of Lagrangian L(j = 1) (Q to the coordinates on the 
sphere S3. Higgs boson field does not appeared if the sphere radius does 
not depend on the space-time coordinates p = R = const [II] [32]. For 
p 7^ const the real positive massless scalar field — analogy of dilaton or kind 
of Goldstone mode — is presented in the model [T5] . 

Let us introduce the radial coordinates in the most convenient way fol- 
lowing [15]. Write as 




= ph(j)<Po, (18) 



where p is a positive function, then from </>'(j)0(j) = P 2 it follows that 

X ] (j)x(i) = X1X1 + j 2 X2X2 = 1 (19) 

and the matrix h(j) is unimodular det h(j) = 1 and unitary fv(j)h(j) = 1. 
So the vector x(j) — MiVo G Ss(j) or the matrix h(j) G S77(2; j) defines 
the coordinates on the sphere Ss(j) ffl9|) . Radial variable is invariant p n = 
p, p u = p, but the matrix h(j) transforms under the gauge transformations 

as 

h%) = mm, vu) = ( /JL^ ~i-^xf ) = h{3)eWT '^ (20) 
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therefore covariant derivatives of p and h(j) assume the forms 

D^p = d^p, D^h(j) = dphtj) + A^(x; j)h(j) + B^(x)h{j)r 3 . 

Using (EES]), (EH) we obtain 

DM) = d^ph(j) + pDJi(j)<p Q = 

= Kj) {d^p + p [h^j)d^h(j) + h^j)A^x-j)h(j) + B^x)r 3 ] } <p 

= h{j) [drf + p [W^x; j) + B A ,(x)r 3 ] } <p , 
where the new vector field is introduced 

W^x-j) = h\j)A^x;j)h(j) + h\j)d,h{j) 

with components 



W^x-j) = -g 



(w 1 ^ + wfa) + wfa 



As a result the matter field Lagrangian ( jlTj) takes the form 



Ig2 + g ,2 

where the new fields are introduced 



2^2 
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gW* + g'B, gfW* - gB, 

^TY 2 ' " Vg^+g^ ' 



These fields are invariant under the gauge transformations of SU (2; j): X 
X, X = W^, W^, Zp, and are transforms under those of U(l) as 



z; = z», a- 



An + -dpU, e 

e 
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It follows from (1SJ) that substitutions of these fields are 



It is easy to check, that the stress tensors of the fields A^x; j) and 
Wfj,(x',j) ( )2"3"|) are connected by 



W^(x;j) = h\j)F^{x]])h{]), 



therefore 



l -ti{F^{x- 3 )f = l -ti{W, v {x- 3 )f 
and the gauge fields Lagrangian ( TTOT) can be written as 

.ol 



LaU) 



-J' 



(Wp + ( W P 

The first two terms assume the form 



(Bp 2 



where 



-_yy+yy + ^ g — 



P = W. 



-W 



/(;/ 
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x 



W+(gZ v + ^) - W+(gZ, + g'AJ 
W+{gZ„ + g'A v ) - W+{gZ^ + g'A^ 
W~(gZ u + g'A v ) - W~(gZ, + g'A,] 



x 



The last two terms in (1311) are 
1 



4 



(Wp 2 + [B, 



fMU J 



{Ku+fH^f + iB 



(WL) 2 + (BP 2 + 2j 2 WLH, v + j\H l 



(ZP 2 + (AP 2 + 2j 2 Wl v H, v + 



1 [iv j 



where 



W: 



W^ + H^ H^^-ig(W+W--W-W+), 
9 



(29) 
(30) 

(31) 



(32) 



(33) 



(34) 



y^lu = d^-d v Wl Z lHf = d^Z v -d v Z v ^ A llv = d ll A v -d v A^ (35) 



For the gauge group SU(2;j) x U(l) the quadratic form ${j)(f>{]) = 
p 2 is invariant with respect to the gauge transformations and defines the 
sphere Ss{j) in the target space $2(j)- As it was mentioned the vector 
boson masses are automatically (without any Higgs mechanism) generated 
by the transformation of the free Lagrangian (Q to the Lagrangian (1361) 
expressed in some coordinates on the sphere S3 (j). And this is true for 
both values of the contraction parameter j = 1 and j = t. If the sphere 
radius does not depend on the space-time coordinates p = R = const, then 
d^p = and the real positive scalar field p as well as Higgs boson field are 
not present in the model [H]-[l3]. In this case Lagrangian (|36|) describes 
massless vector fields A^mA = (photon), massive vector field with the 
mass mz = \R^/g 2 + g' 2 (Z-boson), massive vector fields with identical 
mass mw = \gR (W-bosons) and interactions of these fields. W- and Z- 
bosons have been observed and have the masses mw = SOGeV, mz = 91GeV, 
so only experimentally verified fields of Electroweak Model are included in 
Lagrangian. 

4 Limiting case of modified Electroweak Model 

We assume p = R = const, d^p = in this section. Let contraction param- 
eter tends to zero j 2 — >■ 0, then the contribution Lf of W-bosons fields to 
the Lagrangian ( 1361) will be small in comparison with the contribution Lf, of 
Z-boson and electromagnetic fields. The term being fourth order in j can 
be neglected. In other words the limit Lagrangian Lb includes Z-boson and 
electromagnetic fields and charded W-bosons fields does not effect on these 
fields. The part Lf form a new Lagrangian for W-bosons fields and their 
interactions with other fields. The appearance of two Lagrangians L^ and Lf 



The bosonic Lagrangian (Q assumes the form 




1 



-fhH^) 2 = L b + j 2 Lf + fL h . 



(36) 
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for the limit model is in correspondence with two hermitian forms of fibered 
space $2(0) which are invariant under the action of contracted gauge group 
£{7(2; 0- Electromagnetic and Z-boson fields can be regarded as external 
ones with respect to the W-bosons fields. 

In mathematical language the field space \A^, Z^, \ is fibered after 

contraction j = i to the base {A^, Z^} and the fiber \Wjt } • (In order to avoid 
terminological misunderstanding let us stress that we have in view locally 
trivial fibering, which is defined by the projection pr : W^j — > 

{ApjZfj} in the field space. This fibering is understood in the context of 
semi-Riemannian geometry [23] and has nothing to do with the principal 
fiber bundle.) Then L& in (136]) presents Lagrangian in the base and Lf is 
Lagrangian in the fiber. In general, properties of a fiber are depend on a 
points of a base and not the contrary. In this sense fields in the base can be 
interpreted as external ones with respect to fields in the fiber. 

Let us note that field interactions in contracted model are more simple as 
compared with the standard Electroweak Model due to nullification of some 
terms. For example, the last term j A Lh in (136 j) disappears as having fourth 
order in j — > 0. 

5 Conclusions 

We have discussed the limiting case of the modified Higgsless Electroweak 
Model []TJ-[I3], which corresponds to the contracted gauge group SU(2; j) x 
{7(1), where j — i or j — >■ 0. The masses of the all experimentally verified 
particles involved in the Electroweak Model remain the same under contrac- 
tion, but interactions of the fields are changed in two aspects. Firstly all field 
interactions become more simpler due to nullification of some terms in La- 
grangian. Secondly interrelation of the fields become more complicated. All 
fields are divided on two classes: fields in the base (Z-boson and electromag- 
netic) and fields in the fiber (W-bosons). The base fields can be interpreted 
as external ones with respect to the fiber fields, i.e. Z-boson and electromag- 
netic fields can interact with W-bosons fields, but W-bosons fields do not 
effect on these fields within framework of the limit model. Let us note that 
the fibering of the field space under contraction in the modified Electroweak 
Model is very similar to those in the standard Electroweak Model [25]. The 
only exception is the presence of the scalar Higgs boson field in the base in 
the last case. 
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